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The operator method of the approximate description of the
quantum and classical systems
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Department of Physics, Byelorussion State University, Minsk-80, USSR

Received 12 March 1984

Abstract. Systematic theory of the operator method (OM) of the approximate solution of
the Schrédinger equation is considered. The eigenfunctions and eigenvalues for various
one- and many-dimensional systems are calculated and the arguments of the convergence
of the OM perturbation series are discussed. It is also shown that oM permits us to develop
the absolute convergent approximation in the theory of nonlinear oscillations of the classical
systems.

1. Introduction

At present the interest in the construction of non-perturbation methods of description
of the quantum systems is increasing. One of such methods called the operator method
(omM) was recently introduced by Feranchuk and Komarov (1982a) on the quartic
anharmonic oscillator (Qao) example. Fernandez and Castro (1982) found the simple
model system where one could essentially increase the radius of convergence of the
OM approximation series in comparison with the perturbation theory series. Gerry
and Silverman (1983) connected the oM with the group characteristics of the annihila-
tion and creation operators. Feranchuk and Komarov (1982b) and Witschel (1983)
used the om for systems with infinite number of degrees of freedom and recently
Yamazaki (1984) described in detail the same results for QAo which we found earlier
(Feranchuk and Komarov 1982a).

The main merit of the om in the QAo problem is that even in zeroth approximation
it gives very simple but sufficiently precise estimation for eigenvalues and eigenfunctions
of the ground and excited states in the whole range of the anharmonicity constant A.
The high-order approximations of the om are calculated by means of the regular
procedure and they give the series which doesn’t contain any small algebraic parameter
and is rapidly convergent for all A. Such a situation is very unusual in physical problems
and therefore the analysis of the reasons for oM convergence is of great interest. Also,
it is very important to ascertain what is the generality of the results obtained in the
partial problem of the Qao. These questions are considered in the present work.

Our paper has the following structure. Modifications of the om which enable us
to improve its convergence and to find a singular point of an energy spectrum are
considered in § 2. It is also shown in this section that the oM permits one to calculate
the continuous spectrum wavefunctions. The questions connected with the oM conver-
gence are discussed in § 3 using the example of the Qao problem. Specifically, it is
shown that the series obtained in this problem on the basis of the oM is absolutely
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3112 I D Feranchuk and L I Komarov

convergent while the perturbation theory series is asymptotic and its radius of conver-
gence is equal to zero. The oM series proves to be rapidly convergent if the special
parameter is chosen in an optimal way. The systems with additional integral of motion
are considered in § 4. As we will see below, the oM permits one to calculate the energy
levels of such systems by means of sufficiently simple formulae but with high accuracy.

Next we develop a new method in the theory of nonlinear oscillations of classical
systems on the basis of the om (8§ 5). This method is a non-asymptotical one and it
defines the solution of the nonlinear equation of motion for arbitrary oscillation
amplitude.

Lastly, utilisation of the om for many-dimensional systems is considered in § 6 and
the energy spectra of coupled quartic anharmonic oscillators and the hydrogen atom
in the uniform magnetic field are calculated.

2. Modification of the operator method

We shall not consider in detail the original formulation of the om described in the
paper of Feranchuk and Komarov (1982a) which we shall refer to as FK. According
to this paper, the Hamiltonian #(x, p, A) of the arbitrary system must be put in second
quantised form through the introduction of creation a* and annihilation a operators

x=(a+a*+2u)/QQw)"?, P=i(w/2)"*(a*-a), [a,a"]=1 (N

with arbitrary parameters w and u.
Then #(a, a*, A) is divided into two parts

F#(a,a*,A)=Ro(A, 0, u, )+ V(a", a, 0, u, A), (2)

where 9’?0 contains all terms which commute with the particle number operator i = a™a,
consequently its eigenvalues and eigenfunctions are easily calculated. It was shown
that perturbation theory with respect to the operator ¥V in the Qa0 problem leads to
rapidly convergent series for all eigenvalues E,(A) and coupling constant A, The
parameters w, and u, were chosen by Fx in such a way that E”(w,u,) was a minimum,
where E”(w,u,) was given by the equations

Holny = E'O(wau,)|n), a*aln)=n|n),
8EY/ow, =3E"/8u, =0. (3)

However, this form of the oM is suitable for discrete spectrum states only and is
inapplicable for a Hamiltonian where the bound states disappear for the critical value
A. or for a description of the continuous spectrum states. Therefore let us introduce
a modification of the om which permits us to consider the pointed cases too.

If the Hamiltonian # has no bound states for A < A, then it proves that equation
(3) for the ‘parameters u'”, 0¥ has any real-valued solution for A <A (see the
problem described later). The value A" gives a zeroth-order apProximation for critical
value A.. However, using perturbation theory with respect to V(w'?, 4} in the form
described by Fk doesn’t permit us to find A exactly because equation (3) and parameters
ul, 0! are invariable in higher orders. A new scheme for calculation of the parameters
u,, w, is based on the following arguments. If the zeroth-approximation state vector
|n) satisfies the condition V|n)=0, it would be an exact eigenfunction of % As in the
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definition the operator 1% changes the particle number n, it may be represented as follows

V=a*${"(w,u i) +a"0(w, u, #) +HC+. . .. (4)

(0) (

Now let us choose the parameters 0, u'” such a way that the condition V|n)=0
holds as accurately as possible. This leads to the following zeroth-order equations

5w, u, n)=0(w, u, n) =0, (5)

which define »'” and u{”. It may be easily verified that equations (3) and (5) are

equivalent to each other for the ground state (n =0).

In order to find more precise values w}’ and u}’ one can use the first-order
correction to the Hamiltonian eigenfunction. Then the condition V|n) 0 transforms
as

0

VIg)y = Vo, w)iny=[V+ V(F- ED) ' V|n). (6)
The operator \7, has a form analogous to (4):

Vilw, u)=a* (o, u, A)+a**$"(w, u, A) +HC +. . .
and one can find the first-order equations for the parameters !’ and u"

v w, u,n)= 0w, u,n)=0. (7)

It is evident that analogous equations may be built in any order with respect to V.
Let us use this form of the oM in two problems. In the case of QAo the operators
96’0 and V were written in Fk

Hy=Yw+1/0)27+1)+(3A/d0?)(1 +24 +243),

=il/o—w)a?+a®)+(A/dwP)[6(a’+a ) +a*+a™*+4(a*a’+a"a)]. (8)
Zeroth-order operators 71 and 5% are equal to
?9=0, u=9, 8 =31/w-w)+Ar/0*G+7).
and the equation for 'Y is
w’—w-21(2n+3)=0. 9)

The variational principle (3) used by Fk leads to the different equation which coincides
with (9) only for n=0, 1.

Table | compares the second excited state enmergy E3h, calculated in zeroth
approximation with w'® from equation (9), and second-order approximation EY + E{®
found by Fx by means of (3). These results show that the modification considered
improves the precision of the oM calculations.

Table 1. Energy levels of the anharmonic oscillator.

A
E 0.1 1.0 10
E, (accurate) 3.138 62 517929 10.3471
E®+ EX (rK) 3.13963 5.187 51 10.3716
“’) (9) 3.139 34 517732 10.3371
E0 (accurate) 0.559 146 0.803 771 1.504 97
EQ+ E® (FK) 0.561 172 0.805 734 1.509 35

EP+ ER, (10) 0.559 199 0.804 351 1.507 21
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It may be noticed that the ground-state energy E, is also calculated more precisely
in comparison with Fk, if one takes into account the first-order equations (7). In the
case considered these equations are

0 —w—6\ - (0’ ~w—141)/ (0’ +w +15A)=0 (10)

and the values E}, + ES3yy and EY + ES are also listed in table 1.
Let us now consider the calculation of the ground-state energy for a particle in the
screened Coulomb potential:

H=3p’—e /1 (11)

The bound eigenstates of such a Hamiltonian disappear when A > A, and we shall find
A. by means of the oM. Komarov and Romanova (1982) showed that the most
convenient presentation of the Hamiltonian with Coulomb singularity of the potential
is given by the following coordinate transformation

x)\zfik(o',\)slgu r=§’f§s, st=1,2,

where o, are the Pauli matrices; £ are the complex-valued variables which form a
spinor. Using the second quantised form

S N

172 l 8) |/2< d ) 1
b _(w/z) (§*+ ags b -—((L)/2) fs ag* s [bsabt] 5:13

one can build the following operator, put in the normal form
=H{H-E)=l0(2-M*"+N- M)-3E/20)2+M*+N + M)
—(1+u) 2 exp{=[u/(1 +u)IM "} exp{~N In(1 + )}
xexp{—[u/(1+u)IM},
M =ab, N=aja,+b;b, ©w=A2w.
Then the eigenfunctions of the Hamiltonian (11) are such solutions of the equation
L) = elg) (12)

which correspond to £ =0.
Let us use the om to solve equation (12). The zeroth-order operator %, is

A w E A _2 by 1 M 2 +\ 5 s
Po= (2—2—)(2+N)—(1+p) s=0(S!)2(m> (M7)* exp[—N In(1 +p)]M",

and the perturbation operator is

2= (‘: 2E)(M+M)

~(1+u)” Zexp<—1——-M+) exp[— N In(1 +u)] exp(—ﬁM)

© 1 2s
+(1+,L)-2S;W<l—i‘;) (M*)* exp[= N In(1 +1)]M".
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In zeroth approximation

W) =10), a,|0) = b|0) =0,
and values Eé‘”, 0y are defined by the following equations
O=24~1/(1+p)*=0, A=lw—-1E/w,
[-B+p/(1+un)’IM*0)=0, B=jw +3E/w.

One can find A from the condition EY” =0, which leads to a rough estimation of
A =1, essentially different from the value calculated, for example, by Sergeev and
Sherstiuk (1982).

Let us now take into account the second-order correction to &, and the first-order
correction to the state vector |, ) in order to build the concrete form of general equations
(7) in the case considered. After simple but unwieldy algebraic transformation the
equations may be written as follows:

2A-(1+u)” —2[3 p(1+p) FRA+(+p) =1 +2p)(1+p) 7

Z ( )2" n+l
(1+u Ya,\l+u/ 24n+z,;
B{l +3u* (1 +u) “[4A+(1+u) 2= (1 +6p° +3u*) (1 + )"}

_ 1 &, w \"(n+1)(n+2u?)
=u(l+up)+ 1
wll+p) 2,“'(1+,U')5n=2(1+,“'> 2An+z, (13)

_ -2 _ Zo(n+1) X2 ni(n+1)!
Zn=(l+p)"={+p) Eo“ (s (n—=s)(n+1=-5)!
It was discussed above, that in the considered modification of the om, the parameter
w{" from equation (13) is not equal to w”. Table 2 lists the calculation results for
functlon Ey(A), found in zeroth and second approximations. One can see that the
considered scheme of the oM gives rapidly convergent series for A..

Use of the oM for an approximate description of continuous spectrum wave-
functions is also of great interest. It proves that one can solve this problem using the
analytical continuation of the parameters » and n to the complex-valued plane. In
order to explain the main idea of such a calculation, let us consider the following
simple Hamiltonian:

=45~ ). (14)

This Hamiltonian possesses the continuous spectrum only.
Direct use of the om leads to the equation

w(2a*a+1-(a*)’-a’)—(1/4w)(2a*a+1+(a")?+a®)—¢e]ly)=0,

Table 2. Ground-state energy in the screened Coulomb potential (A, = 1.19 (Sergeev 1982)).

A
E, 0 0.6 1.0 115 1.195

|ES| 0.5 0.103 0 — _
IEQ + E®Y 0.5 0.116 0.013 0.0017 0
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and one can obtain the following results
) =n, @), w, =1, £, =i(n +3). (15)

The values ¢, from (15) will coincide with the real-valued energy E for the state vector
|y, corresponding to the complex-valued number n=—iE ~1. In order to continue
|4 to the complex-valued n, one can use the following equation

ailn, w)y=(n+1)"In+1, w), (16)

which defines the matrix element of the creation operator when n is the positive integer.
But (16) may be also solved for complex-valued n in the form of the following cor:tour
integral

tat
@

lw(n,w)>=-l—.[r‘(n+1)]”2j dr==10, w), (17)
2mi c t

where I'(z) is the gamma function; the vacuum state is defined as follows
a0, w)=0
and the contour C in the complex-valued plane ¢ is shown in figure 1.
Imt

t

__________ <> S

Re #

Figure 1. Countour of the integration in equation (20).

According to (15), the vacuum state |0, w) and the operators a, and a, correspond
to pure imaginary frequency w. In order to define these values let us start from the
Hamiltonian of the usual oscillator with frequency w =1

F=3p+5).
The second quantised form and the ground state of % are well known
a=(1/V2)(% +ip), a*=(1/V2)(£-ip), F#=aa+i, al0)=0.
(18)

It proves that one can transform the values in (18) to arbitrary frequency w by means
of the following operator equations

a,=R(w, 1)aR™(w, 1), 10, w)= R(w, 1)|0),

H ' 1 w + '

R(w,0'y=expl-In—(A] - Aw) ), (19)
4 o

Aa)'zai'a

where the normal form of the operator R is

R(w, w") =exp(¢,AL) explea( N, + 1] exp(—¢1A,)
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with

) _ln2(a)w')l/2
@1 $2 ((l)+w,) )

, N, =ala,.
2{w+w')

Equation (19) permits us to build the sought analytical continuation to the complex-
valued w.

Let us substitute equation (19) with w =i in (17), put n=—iE —1 and transform
all operators in the normal form. Then one can find the following expression for the
continuous spectrum state vector, corresponding to energy E
_ 1 ; 1\11/2 dt : 2 PP
|¢g)=—I[T'(—iE +3)] J. —=exp[i(E In ¢ +1)] exp(x/Zta 0. (20)
2771 C \/;

It is easy to ensure that equation (20) gives the operator integral representation of the
confluent hypergeometric function which is the exact eigenfunction of the Hamiltonian
(14).

3. Convergence of the om

The results described in the previous section and in the following ones demonstrate
a rapid convergence of the series obtained on the basis of the oM. This convergence
is observed for all eigenstates and in the whole range of the Hamiltonian parameters
including the most complicated intermediate coupling regime. The algorithm of the
calculation of the high-order corrections is sufficiently simple although this expansion
is not connected with any algebraic parameter. Even zeroth approximation defines
eigenvalues, as a rule, with a relative accuracy to order of one percent and sometimes
it gives a somewhat unexpected accuracy (see, for example, §§ 4-5).

Strict analysis of the oM convergence is apparently a complicated mathematical
problem and its solution falls outside the framework of this article. Therefore we
shall consider several simple arguments which don’t give a strict proof but do explain
to some extent the convergence of the om.

Firstly let us discuss shortly a simple exhibit built by Fernandez and Castro (1982).
They considered the following Hamiltonian

F=Yp>+2%) +A%2 21)
Its eigenvalues are obvious and exist for any A > —3
E,=(n+H(1+2x)"2

However, if one calculates E, by means of canonical perturbation theory (cpr) as
regards the operator AX?, the series in terms of powers of A with radius of convergence
|A| <3 will be obtained. It is conditioned by the branch point of the function E,(A)
in the complex-valued plane.

Now let us put the Hamiltonian (21) into the second quantised form by means of
the (1) with u=0

PO | +
& (1 2A 1+2A

T4

—w>((a*)2+a2)+%( +w)(a*a +1). (22)

Use of the oM consists of two essential points: (a) the introduction all terms commuted
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with the operator # = a*a to the zeroth-order Hamiltonian, and (b) the choice of the
parameter w in order to obtain the best zeroth approximation. One can investigate
the role of each of these points using the Hamiltonian (22). Firstly let us choose the
frequency w arbitrarily and put it equal to 1. Then the zeroth-order Hamiltonian is

Fo=(1+A)(A +1)
and the perturbation operator is
F#,=ir((a*)? +ad).

Then it is obviously that the perturbation theory in respect of ??, gives the oscillating
series in terms of powers of the parameter

E=A%/(1+A)?

and this series is convergent for all —3 < A <,

Thus, point (a) leads to the definite value of expansion parameter ¢ for any
amplitude of the perturbation operator. It is conditioned by the appearance of the
parameter A in the denominator of terms of the om series due to the propagator
(%,— E”)™". This result is general and essential for the oM convergence in any
problem. Use of point (b) of the oM will lead to the accurate eigenvalues of the
considered Hamiltonian (22) if one chooses the parameter w in accordance with
equations (5). This result has a special character, of course, but we shall see later that
the particular choice of w in the general case improves essentially the convergence of
the oM series too because many of its terms become zero.

Let us now consider the convergence of the om series for the problem of the
ground-state energy of the Qao. According to Fk the zeroth-order Hamiltonian with
arbitrary parameter w is

Ao=i-< )(2 +l)+ (4n+2(a )a’+1),

and the perturbation operator is

A

# =i(l/w-w)((a") +a®)

+(A/40?)((a ) +a*+4(a"Va+4aa’ +6(a*)* +6a?)
and differs from the analogous operator | in the cpT due to the absence of the term
(3r/d4w?) (47 +2(a*)’a® +1)

introduced in the operator %,. As a result the propagator (%, — E)~', which defines
the high-order corrections of the oM series, acts at an arbitrary intermediate n-quantum
state as follows

. 1
%_E(O) 1 kel
(%= Eo™)" |m) n w(w +1)+3A(n+l)

(23)

It differs from the cpT propagator by the coupling constant A and a higher degree of
n in the denominator.
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The action of the operator &, at the same state vector |n) is easily calculated

1/2
tim = (2 P ) Dt 0 - aan (22 T

1 R ' 1/2
—m[w(w —-1)—-A(d4n- 2)]( 2)‘) [n—2)

A n! \'"?
+m<<n_4>!) In =4 24

and contains the vertices corresponding to the creation or annihilation of two or four
quanta. In order to simplify further consideration, let us introduce the graph notion
for terms of the om series which are calculated by means of the perturbation theory
in respect of the operator (24). One can represent these terms using the elementary
two- or four-quantum graphs, drawn in figure 2(a). For example, figures 2(b)-(d)
show all graphs of the second, third and fourth order. Analytical expressions are
correlated with graphs in conformity with the following rules.
(i) To each vertex corresponds the factor

—#[w(wz— D-222n+)n+1)(n+2)]"2

for a two-quantum vertex, and

L((n +4)!)”2
4¢? n!

for a four-quantum one.
(ii) The number n for the definite vertex is equal to the quantity of lines crossed
on the graph by the horizontal straight line drawn from this vertex.
(iii) The transition between two vertices corresponds with the propagator (23) with
n, which is equal to the number of lines between these vertexes.
For example, the first graph in figure 2(b) corresponds to the following analytical
formula
3 AMo(w’=1)=6A]w(w?~1)—14A]
160” [w(w?+1)+9A][w(w?+1)+15A]"

gt

[ ._._l._

Figure 2. Graph presentation of the perturbation series for the QA0 problem.
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Let us now compare the behaviour of a sequence of graphs in the om series and
an analogous one in the cpT, when the number k of graph vertices is large (k> 1).
It is well known (see, for example, the paper of Dolgov and Popov (1978)) that the
CPT series is asymptotic and there are such sequences in it which diverge as k! for
k> 1. Figure 3(a) shows the graph of the 2k-order term of one of such sequences.

i
|
i_.
L
Figure 3. Sequences of graphs for the most divergent series in the CPT.

In the oM series this graph is described by the following expression

AR (4k)'4k[w(w?+1) +3A(4k +1)]

L= T W 2R dmlw(w2+ 1) 430 (dm + D])F

Simple algebraic transformation leads to the estimation
A1 (4k)14k3A(4k +1)
w? 22T (I 4m3A(4m +1))?
_24Ak(k+3) (4k)IT7E) 484 TP(G) 1
C 23 (kDT 4D @’ 2)P(36)F

| I <

if k>»1.

The sequence of graphs considered converges absolutely as the geometric pro-
gression with denominator g =(36)”'. At the same time this graph in the cpT doesn’t
contain the factor [['(k +3)]’ in the denominator and diverges at ~(k!)>.

We note that analogous investigation of the sequence of graphs from figure 3(b)
shows that it converges as the geometric progression with denominator ¢ =4. Unfortu-
nately, we can’t consider an infinite number of graphs for Qao but any real sequence
of graphs proves to be absolutely converged and this apparently shows the absolute
convergence of the whole of the oM series for an arbitrary parameter w.

Now let us discuss the significance of choice of the optimal frequency w. It is
evident that if one defines w by means of (5) it will lead to the disappearance of all
graphs which begin or end with a two-quantum vertex. It means actually that we fulfil
the partial summation of these graphs and take them into account in the zeroth-order
approximation. Figure 2 shows that all graphs with odd numbers of vertices and
about half of second- and fourth-order graphs will be equal to zero for the Ao problem
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if the parameter w is chosen on the basis of (5). It is essential that use of the frequency
permits us to find the accurate asymptotical behaviour when A » 1 (see our paper FK).
The calculation of such dependence requires us to sum an infinite number of terms of
the cpr series.

4. Integrals of motion

The om permits us to take into account naturally the accurate laws of conservation in
calculating the eigenvalues and eigenstates of the Hamiltonian. It is essential for
such systems where integrals of motion qualitatively change the character of the energy
spectrum. In many papers (see, for example, Bogoliubov (1950)) this problem was
solved in such a way that eigenvalues of the system had been calculated approximately
but the law of conservation had also been taken into account exactly in each approxima-
tion order. The introduction of the exact law of conservation to the approximate
calculation scheme had essentially complicated all the calculations.

In contradiction to this approach the oM enables us to calculate the energy and to
take into account the laws of conservation with the same accuracy and without any
essential change of the calculation scheme. Feranchuk and Komarov (1982) considered
the calculation of the Hamiitonian eigenvalues for the potential with two symmetrical
minimums when the conservation of parity removed the degeneracy of the energy
levels. In this paper we consider the more complicated case of the periodical potential

when the energy spectrum has a zone structure. In particular, we use the om for the
potential

V(x)=h cos 2x, V(x+m)= V(x),

because in this case the Schrodinger equation is reduced to the Mathieu equation and
this permits us to compare our results with well known numerical solutions. The
corresponding equation for the particle with 0.5 mass is

FV . =(—d*/dx*+h cos 2x)¥ . (x) = E, (k)W o (x). (25)

We note that if one changes ¥ - x; x > t in equation (25) this equation will describe
the problem of parametric classical oscillations. Therefore the method considered in
the present work for investigation of the quantum system can also be used in the theory
of oscillations of mechanical systems.

In accordance with the Bloch theorem, eigenfunctions of the Hamiltonian (25) are
at the same time the eigenfunctions of the operator T of the wavefunction translation
on the potential period

TV, (x) =V, (x +7) = exp(ikm)¥ . (x). (26)

As a result the particle energy spectrum has a zone structure E > E, (k), where n is
the zone number and k is the quasimomentum.

Now let us introduce the projection operator &, which transforms the arbitrary
vector to the state with a definite quasimomentum value. One can easily verify that
this operator is

oC

P.= Y explilk—p)mm). (27)

m=—

In order to find the common solution of (25) and (26) one can calculate the state
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vector |¢) which satisfies the following equation
2\yy=(F - E.(k))P|w) =0, (28)

and then the unknown state vector is

b= Pdwy= ¥ expli(k—p)mmllv). (29)

m=-cc

We shall solve equation (28) by means of the oM. Let us put the operator 2 in second
quantised form using the equation (1) with ¥ =0 and transform it to the normal form

$= Z explimmk —jom*m’>+(w/2)"*mma™]

x{—tw[aT+[a+(0/2)"*mr-2a"(a+(w/2)"’mm)—1]
= E (k)= (=1)"3h exp(~1/w)

x[exp(i(2/w)'?a™) exp(i(2/ w)'"a)

+exp(—i(2/w)""?a") exp(~i(2/w)'*a)]} exp((w/2)'>7ma).

The operator fé’o of zeroth-order approximation is defined by that part of the
operator £ which commutes with the particle number operator a*a. The eigenstate
of fo is equal to the vector |n) and the eigenvalue is defined by the following equation

0

Y explimmk —(w/4)m*m*){(w/2)[(1-y)L,(y) +2nL, ()

=8yL, () =2yL52(3)]= EY (k) L, (y)
+h(=1)" exp(=1/w)L,[y +(2/w)]}=0 (30)
y=lomm’,
where L, is the associated Laguerre polynomial; the number n defines the number of
the zone and k is the quasimomentum eigenvalue.
Let us choose the parameter w,, from condition (5), that is put equal to zero the

term ~a*? in the operator £. This condition leads to the equation which we write for
the ground-energy zone corresponding to the quantum number n =0

1 m'm?
Wor Z mZQm =Z <—7;~2+0J0k_8_>0m

m

+hexp<—L>Z(—1)< 1 —iz)Qm

Wok wok 4

~5(gman) (ga) - o

Q,, = exp(—iwom’m? +ikm),

The common solution of (31) and (30) with n =0 defines the zeroth approximation of
the particle energy spectrum E{”(k) in the ground zone. In considering the approxima-
tion, the wavefunction corresponding to these energy levels is

el

Yo=Y exp(—iwom m®+ikm +imm(woi/2)"2a™)|0).

m=-—
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Thus, the calculation of the energy zone spectrum is reduced to the solution of two
algebraic transcendental equations which can be easily programmed. We note that
the sums in these equations converge very rapidly and one can calculate them using
a desk calculator.

Table 3 compares the values Ey’(0) and E{”(0) calculated by us on the basis of
the oM zeroth approximation with the known numerical solutions of the Mathieu
equation described, for example, by McLachlan (1949). Here E{(0) and E{*(0) are
the energy levels of zeroth and first zones with quasimomentum k =0. These levels
correspond to the periodical solution of the Mathieu equation. This table shows that
the om zeroth approximation gives very high accuracy (~0.01%) and a sufficiently
simple calculation of the aigorithm. Also the regular character of the oM permits us
to improve this accuracy by means of perturbation theory as regards the operator
£ —%, As an example we write out the formula for the value E{?(0) (the first-order
correction for energy of any level equals zero)

1 a 1 Z; kwdX i
Eé2)(0)= _ ( k o Xk

0o(Zm Q) kgs k(k—-2)! k(k—1)+(k—l)

E© 1/27k
Zk=2exp<—gﬂzm2){9—q<l—2 ¢ ~w07r2m2)[7rm<ﬂ) ]
m 4 2 Wy 2
h 1 Y 1/2 1/27k
Sl ()T}
2 Wy 2 wo
127k
X =; [wm(%—q) jl exp(—%ngmz),
o) /252 ®
Y. =), [nm(f) ] exp(—~2—0772m2>.

In conclusion we note that the method considered may be very effective for the
three-dimensional periodic potential due to essential decreasing of calculation time in
comparison with direct solution of the Schrédinger equation.

+w§k(k—1)Vi),

Table 3. Eigenvalues of the Mathieu equation.

h
-E 10 20 30 40 50
—E, (acc.) 5.7916 13.937 22.513 31.313 40.257
-E® 5.8002 13.933 22.510 31311 40.254
-E, (acc.) -1.8582 2.3991 8.1011 14.491 21.315
-E®™ -2.0153 2.3606 8.0806 14.475 21.301

5. New approach to the theory of nonlinear oscillations of Hamiltonian systems

At present the theory of nonlinear oscillations is an independent section of mathematical
physics which has important applications in mechanics, radio techniques and astronomy.
In spite of the great progress of computors the analytical theory of such systems remains
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as before because it is necessary for qualitative analysis of the systems and for the
development of the effective algorithms of numerical solutions.

The theory of nonlinear oscillations is as a rule reduced to the construction of the
periodical solution of the following equation

X+x%+Af(x,X)=0, Xx=dx/dt (32)

Analytical methods known at present are based on expanding the solution x(t, A)
of (32) in a power series of A which proves to be asymptotic and doesn’t permit one
to analyse the systems in the region of sufficiently large A and to develop the convergent
algorithm of the numerical solution (see, for example, the work of Hayashi (1964)).

We suggest a new approach to the analytical theory of nonlinear oscillations of
Hamiltonian systems based on the use of the oM for approximate solutions of the
‘conjugate’ Schridinger equation. As will be shown for the real system of the type
considered, our method permits one to find the solution of (32) with an accuracy of
some percent in the whole range of 0= A < even in zeroth approximation. The
higher approximations are constructed by the usual simple method and give a uniformly
convergent series for x(t, A) for any 0< A <o0. The results of this paragraph demon-
strate the fact that the oM gives a good approximation not only for eigenvalues, but
also for eigenfunctions.

The scheme of calculations in the method considered is as follows. Let us suppose
that the physical system described by (32) is Hamiltonian; i.e. this equation can be
obtained from the Lagrange variational principle. Then one can as usual construct
the Hamiltonian of such nonlinear classical system and introduce the ‘conjugate’
quantum system by means of the formal parameter # and substitute instead of x and
p the corresponding operators. Eigenfunctions and eigenvectors of the Hamiltonian
obtained are calculated by means of the oM being applied for any A. In the last stage
of the calculation we fulfil the transition to the classical limit #—> 0 and find the law
of motion x(¢, A). It is essential that this transition is reduced to the solution of the
algebraic equation the general structure of which doesn’t depend on the real potential
form. Thus, we use the quantum mechanical approach for analysis of classical system
just as the inverse consideration is usually used.

Let us introduce the main features of our method on the example of anharmonic
oscillator which permits us to compare our results with an accurate analytical theory.
This mechanical system is described by the following equation

F+x+4rx*=0. (33)

This equation of motion corresponds to the ‘conjugate’ quantum system with
Hamiltonian

F =42 +£) +A%", p=—ih(d/dx),
whose eigenvalues and eigenstates were found in § 2:
e =h{iw, +(1/0,))2n +1) +(3Ah/4w?)(1 +2n +2n2)}, (34)
where we left parameter # in the equation and w, is defined by the following equation
wy—w, —2A(2n +3)=0. (35)

Now let us find the initial equation (33) solution which is the quasiclassical limit
of the ‘conjugate’ quantum problem. In particular, the period of the classical motion
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is defined by the well known expression

Q=27/T=(1/h)(3e,/dn);

h->0, n- oo, hn =B = const, (36)
which leads, in the approximation considered, to the following result
_w Tw?-3
23w’ -1

and w(B) is the solution of the equation

w'—w—4rB=0, 37
where parameter 3 is connected with the total energy E

E =B[Tw(B)+(1/w(B))] (38)

The system of algebraic equations (36)-(38) defines the zeroth approximation for
period of the classical anharmonic oscillator in dependence on the total energy

w(E)=[B{1+[1+3(32AE+1)]/*}]'/%,
_47'r3w2—1
w Tw®-3

It is well known, that the accurate expression of the function T(E) is defined by
the full elliptic integral

(39)

T(E) =% <““‘>, u=(1+16AE)"2
\/u 2u

and table 4 shows that simple formula (39) gives a good approximation of the function
T(E) in the whole range of changing parameter A and total oscillator energy E.

Table 4. The particle oscillation period and the law of motion in the potential 3x2 +Ax*.

AE (AEYYAT,

T 0.1 0.5 1.0 10 AE»1
T(E) (acc.) 5.21198 4.004 31 3.47306 2.046 04 3.708 15
T,(E) 521195 4.004 25 3.473 02 2.046 05 3.708 20

T=2(AE)*t, AE » |
x 0 0.4 1.0 1.4 1.6
x(7) (acc.) 1 0.923 0.596 0.321 0.176
x(7) (44) 1.017 0.905 0.551 0.293 0.164
x,(7) 1.001 0.928 0.577 0.312 0.171

One can calculate the function T(E) more precisely taking into account the
second-order corrections to energy levels g,. The calculation will be essentially sim-
plified if we choose the parameter w, in this approximation from the condition that

the second-order correction £’ would be equal to zero in the limit n o, #-0. This
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condition leads to the equation for w(B):

3B 21y -
“B)2<w(w2+1)+6w 2)+[w(w 1)-4A8]

2_ —_—
X(S)\B-—w(w2—1)+3/\ﬁ[w(w D 4)‘B]>=0

w(w?+1)+6A8 (40)

and the oscillator energy is defined by the same equation (34). Table 4 shows the
period T,(E) calculated by means.of (40) and it proves that T, and T coincide with
very high accuracy.

Now consider the calculation of classical law of motion. The solution x(t) of (32)
we find as the quasiclassical limit (h—>0, n>00, in=B) of the average value of an
operator X on some state vector |¢(f)), that is

x(t)z Z C:kncn<(f’mlﬂd’n>CXP[%(Em_En)(l_to):l (41)

where {¢,) and E, are the accurate eigenfunctions and eigenvalues of Hamiltonian of
the ‘conjugate’ quantum system and c, are’the coefficients defining the initial wave
packet.

The classical trajectory of particle corresponds to such a wave packet in which the
coefficients ¢, have a sharp maximum near the value ny,» 1 defined by the conditions

E,=E, noh = .

Therefore the law of motion which does not depend on the wave packet form is

x<z>=k=§_ (ngo| £} expLQK(t = 1)),

_13E,
hon |,

0

(42)

This function contains two arbitrary constants E and ¢, but later we shall put 1,=0.

Now use the om approximate expressions for the state vectors |¢,)=|n, w,) and
energy levels E,=¢,”. It is necessary to take into account that the function |n, w,)
and |m, w,,) are non-orthogonal because they correspond to different frequencies. For

this reason (42) is transformed as follows

2o (Mot k, k| X1, w,) exp(ikQ1t)
I (Mot K, x| oy ) eXP(ik QA1)

x(t)= (43)

Both sums in (43) can be calculated analytically in the limit n,— cc. This calculation
does not depend on the real form of the energy spectrum e, and it is fulfilled most
compactly when using the following operator equality (see (19))

exp[¢(w, w)A(w)]a(w’) expl~£(w, ) A(w)] = a(w);
£, 0)=5In(0'/v), Alw) =[a* (0P ~[a(e")],

where a(w) is the annihilation operator attributed to the state vector with frequency
w. This equality permits us to calculate an arbitrary matrix element in (43) and to find
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the following expression

Fk-sy2{vk) if (k—s) is an even integer,

+ >»> = . . .
(n+k 0noilt 55, 0} {0 if (k—s) is an odd integer.

Here #,(x) is the Bessel function;

y =(B/4w(B))(dw(B)/3B)

and the parameter 8 was defined above.
In order to calculate the sums over all k one has to use the integral presentation
of the Bessel function

m

F.(yk) L J de cos(yk sin ¢ — ko).
™

0

As a result we find the law of motion x(¢) in the following form:

x(1) = (2B/QUB))"? cos[ze(1)], (44)
where ¢(1) is defined by the algebraic equation
Qt+ysin @(1) —3¢(t) =0. (45)

We see, that equations (44) and (45) have a universal form which does not depend
on the real potential type. It is natural that these equations give the same results as
any asymptotic method if the nonlinear parameter A « 1. But table 4 shows that our
method gives the solution which coincides sufficiently closely with the accurate classical
solution even in the most unfavourable case AE » 1. The coincidence is essentially
improved when the oM corrections to the energies and wavefunctions of steady states
are taken into account

For example, the calculation of such corrections for the anharmonic oscillator in the
AE » 1 case leads to the following law of motion

x,(8)=(28/Q(B))"*53(188 cos 1t +13 cos 30t — cos 502t),

which is also presented in table 4.

Thus the results obtained in this paragraph show that our approach permits us to
reduce the solution of a nonlinear classical problem to the solution of a linear quantum
problem.

6. Description of many-dimensional systems

In the preceding sections we have demonstrated the efficiency of the om for one-
dimensional systems. However, one could already understand that the general scheme
of the oM was suitable for systems with any number of degrees of freedom. In order
to prove the latter affirmation, we investigate two many-dimensional problems.

Let us first consider the two-dimensional problem of coupled quartic anharmonic
oscillators investigated numerically by Hioe et al (1978). The most simple form of the
Hamiltonian of the system is

F =3P +yD) +Hpi+yd) +A(yi+2bylyi+ ), (46)
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where y,, and p, , are the coordinate and momentum operators of the particles; A and
b are the dimensionless parameters of the Hamiltonian. The operator (46) can be put
in second quantised form through the introduction of creation and annihilation
operators

,Vl,z:[1/(2‘01,2)1/2](‘11,2+a1+,2), pl,2=i(wl,2/2)l/2(al+,2_al,Z) (47)

with arbitrary parameters w, ;.
Let us put this Hamiltonian in the normal form. Then it can be divided into two
parts in conformity with the oM scheme

3?_—'??0‘*'3?1

. 1 1 !
Ho= o +—){ a7 ﬁ-)
0 V=Zl,2 [z(a) wu)<a a4 2

3A
+4 3

(1+2a:av+2(a3ay)2)] + (14+2afa))(1 +2asa,), (48)

w, w3

A 1 1 +
%l_—— Z [_Z<wv__>(au2_ai)
v=12 W,

A

+
4w2V

(6a+6a +at*+a*+4a’’a, +4a:ai)]

+

[(1+2a7a,)ai?+ad)+(1+2a5a,)(a;?*+a?)
2(01(1)2

+a*ai*+ai*a3+ai’a +ala?). (49)

The Hamiltonian 9’2’0 commutes with the particle number operators A, ,=a;,a,, and
therefore the zeroth-order approximation for eigenstates is given by the equations

|¢/:,nz>=(l/ﬁ)(lnnnz)iMz”l}), ﬁ|,2|n1n2)=n,,2|n,n2), (50a)
when n, and n, are both odd or both even numbers and
‘d/nm) = |n1n2> (SOb)

in the opposite case.

Then one can find the following approximate equation for the Hamiltonian eigen-
values

1 1 1
o -y [, L +~>
Enm, u;‘,z[Z(wV wu)(n” 2

3A Ab
+ 1+2n,+2n%) | +
4wi( e en )] 20, ,w,

@2n +1)2n, +1). (51)
The parameters w{’; are defined in such a way that the parts proportional to a;? and
a3’ in the operator %, would be equal to zero. These conditions lead to the following
equations

1 2A 2Ab
(-——w,) +;—2(3+2n1)+ 2n,+1)=0,
1

Wy w Wy
1 2A 2Ab
w2 w3 A p)
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Equations (51) and (52) permit us to calculate E'",. for any energy level and parameters
A and b. Table 5 shows some of these calculation results. It is clear that the zeroth-order
approximation doesn’t give very high precision, but the simplicity of the formulae and
their applicability in the whole range of the Hamiltonian parameters is of great interest.

Table 5. Energy levels of the coupled quartic anharmonic oscillators.

A
0.1 1.0 10
b
E 1 -1 1 -1 -1
Eqyo (ace.) 1.1502 1.0813 1.7242 1.4438 2.5577
E® 1.1527 1.0855 1.5658 1.4921 2.7707
EQ+E® 1.1502 1.0813 1.7251 1.4444 2.5592
E,, (acc.) 2.4143 2.2120 3.8304 3.0666 5.4881
E® 2.4196 2.2317 3.8357 3.1053 5.9247

In order to calculate eigenvalues E, ,, more precisely, one can use the perturbation
theory with respect to #,. Corresponding formulae in the case of the ground state are

oy = — (Fo~ Eo) ™ %,10), a,|0) = a0y =0,
E$® = —(0|5,(%#,~ Eo) ™ %,|0).

The perturbation theory precision is essentially increased if the value EY’ +EY is

calculated without the zeroth-order parameters w{}, but with arbitrary w,,. Then the

equations for w, , are found from the condition that parts proportional to ai; in the

operator " should be equal to zero. The operator 5! is defined by the formula (6)
FDN0y= Fjus) = F[1 — (Fo— Eo)™' F1](0).

This scheme leads to the following system of algebraic equations for the ground state

energy (n,=n,=0, w;=w,=w)

1 1 [w(w?=1)=-223+b)]
EP+EP =—[0*+w+A(3+b)]-—
o +Eo=oale" te+AG+b)]- (0’ +1)+3A(3 + b)

_ 32 w(@®+1)+A(9 +6b—b2)_,\2b2 w(w’+1)+22(6+b)
2w’ B-A%A 2w? B-A%A ’

S l 631 9Ab
B=[w(w?+1)+4A(3+b)T =-< +_>+—-—+_
[o(@™+1) ( T, N\ w) 207 207

w(@?=1)=2A3+b) -3A[w(0’~ 1) =22 (7 +b))[w(w?+1) +A(9 +6b — b?)]
—3Ab[w(w?—1)=2A(3+5b)[w(w?+1) +2A(6 + b))/ (B — A%A).

(53)

Table S lists the results obtained by means of equations (53) and shows that the om
gives a uniformly convergent series for any A and b.

Let us now consider another many-dimensional problem where simple formulae,
obtained by means of the om, are of practical interest, namely the problem of the
hydrogen atom in a uniform magnetic field of arbitrary magnitude. The Hamiltonian
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of the system is well known (see, for example, the paper of Simola and Virtamo (1978}).
1

%ltb)—(' PR RS y(x +y ))ltﬁ) Ely), (54)
where I, is the z-projection of the angular momentum, the magnetic field B is directed
along the z-axis and its magnitude is measured in units of By, that is

B= ‘YBO’ BO=%m€3€h—3.
Introduce annihilation and creation operators in accordance with the rule
xvz[l/(zwl)l/z](av+a:—), V=1’27 x3=[1/(2w2)1/2](a3+a;)9 wl¢w2'

In order to put Hamiltonian (54) in the second quantised form one can use the following
integral presentation

1 fo.o)
rt=— J‘ exp(—a’7?) da
mJox

and take into account that fz commutes with % The eigenfunctions of the particle
number operator are used in the zeroth-order approximation of the om and therefore
the operators a, and a; have to transform in such a manner that I, would be diagonal

a, = (b, +ib,)/V2, a,=(ib, +b,)/v2, a;=b,.
[,=N_=brb —bIb,, N.=b7b,+b3b,, Ny;=bib,.  (55)
Then the Hamiltonian (54) in the normal form is

1 'YZ i 72 +p+
%:— (1)1+ (N++l)+" w)— (b]bz—b‘b2)+')’N-
2 2 [OF]

Wy

1/2 ¢
ws 22 ) dx
+-2 +1-b72-bh-2( =
4 (2N3 1 b3 b}) 2( 77.) J’() (x2+1)(ﬁx2+1)1/2

Xexple(x)bibs +@y(x)b3 b} explfi(x) N, +£2(x) Ns]
X exple»(x)bsby— @,(x)b,b,] (56)

where

ix? _ Bx’
PEEEL 2T Bx 1)
fo=—In(Bx*+1), B=uw/w,

Let us mclude in accordance with the oM scheme all _terms, which commute with
the operators Ni, N3, in the zeroth-order Hamiltonian 9’(0 Then eigenfunctions and
eigenvalues are defined by the quantum numbers N, and N, and energies of the
ground state E”(N. = N;=0) and the first odd state E{X(N.=0, N;=1) are

EQ =Y w, + v/ @) +(w,/48) = 2w,/ 7(B - 1)) In[VB + (8 -1)/2), (57)
(0)_‘(‘01 +y /wl) +(3w1/4B)
—2(a,/m)HB-1)HB(B~1)~In[VB +(B - 1)} (58)

@)= fi=—-In(x*+1)
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The parameters w,. and B, may be defined in this case both by means of (5) and
from the conditions
dE/dw,,. =0Ey)/8B. =0,

which lead to the same equations

w,+=i<z+l> Lz+1)Inz—z+1T7,

mz\z
(59)
2 2 [1+4z+zz_2< z )'/zlnz]
Y =Wy (Z+1)2 O, . z—1 4
4
-=T ‘(z—)16[3( +1)(22 - 1) =2(z—1)’=62(z+1) In z},
9mz (z—1)
v = o’ [1+82+zz_4< z >’/2 2-—1-—221nz}
L o(z+1)? T (z-1)* I
(60)

2=[VB+(B-1)"F.

We note that it is more convenient to calculate the functions E”’(y) from equations
(59) and (60) in the parametric form as E‘”(z) and y(z). Table 6 shows a good
conformity of the results, obtained on the basis of these simple formulae, with known
results found by more complicated methods.

Table 6. Energy levels of the hydrogen atom in the uniform magnetic field.

y=B/B,
e=E—-7y 0.15 1.0 2.5 50 100
|wo.]| (ace.) 0.628 1.02 1.38 3.76 472
2] (57) 0.562 0.956 1.31 3.60 4.49
e+ 683 0.598 0.995 1.35 3.75 4.72
|8 (64) 0.629 0.993 0.988 — —
e+ 20 0.628 1.02 1.32 — —
leo—| (acc.) — 0.298 — — 0.476
lef) (58) 0.192 0.279 0.323 0.408 0.455

In order to improve the energy estimation let us calculate the second-order approxi-
.mation E§. Unlike the anharmonic oscillator the perturbation operator is not poly-
nomial in the considered case and E{?) contains infinite summation over intermediate
states. This sum proves to be rapidly convergent and the main contribution is defined
by four quantum states. In this approximation the correction E{2) is

E@= &< ATHT
+ (w /W)l/2(4a'(2)+g-(4) (0) (0))_‘01 2/‘“1
BLIRT
+
(w,/7) BB TE +3B°TE+T W~ T —w /B

28T )
o/ TR+ TR - TR + TR+ TD 0~ v ar—wi/B)
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=< 2k 2 1/2
9‘“"—J x (Bx +1) dx,

mn — o (1+x2)m+l(1+ﬁx2)n+l

and its numerical values are also listed in table 6.

Let us now consider the same problem of the hydrogen atom in the magnetic field
but using the Hamiltonian (54) when the algebraic structure is essentially simplified.
Let us use the coordinate transformation introduced by Komarov and Romanova
(1982) and considered by us already for the Hamiltonian (11). In these variables the
Schrodinger equation for the system considered is transformed as follows:

A )
mEEE = T2 \agrer, Taerer,

+(§T§1+f§§2)[ (fl §+§2§ fl 3, fzagz)

+272\§1\2|§2|2‘E]“5}'#(5152):0 (61)

and the nucleus charge z = ¢ is a part of the eigenvalue. One has to find those solutions
of (61) which corresponds to £ = 1. According to Komarov and Romanova (1982) this
equation is equivalent to the Schrodinger equation in the real three-dimensional space
when the function (£,¢€,) conforms to zeroth eigenvalue of the following operator

Q= E* +e— 61 é’z (62)

3¢t é’ 86 o9&,

commuted with Hamiltonian (54) and operator fz. As a consequence, the function
Y(&,£;) doesn’t depend on the angle

@ =tan"'[i(¢¥ - &)/ (1 + &)

Now we use the operators a;, a, and b, b introduced earlier in Hamiltonian (11).
Then the zeroth-order Hamiltonian %0 commutes with the operator Q, the particle
number operator and is

. . E P A A A oA
#o= T [(3— )(1+Ns+Ms)—wl<—1>S<Ns—MS+N§—M§>]

S N4 20,
+4(T,ZE‘/—2[(N‘_M')“+N2 M) = (N, +1 - Mo)(N; = M;)]
+4wy?2wz(2+3ﬁ‘+3M‘+m+m+4ﬁxf41)(l+1\72+1\‘42)
+4w71;§(2+31\72+31\‘42+1\‘/§+1\‘4§+41\72M2)(1+1\‘1,+1\‘4,). )
N.=aja, M, =bb,

The zeroth-order energy E(} of the ground state (a,|0) = b,|0)=0) is calculated
from the condition ¢'” =1 and the parameter w is defined by means of the above-
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mentioned scheme. This leads to the following equations

w/2-EP/w+y/wi=e=1,
04/ Y (64)

w/4+E/20 -3y /2w’ =0.

Table 6 shows that formulae (64) give very high precision because the Coulomb
singularity is taken into account in Hamiltonian (61) exactly. The considered Hamil-
tonian is a polynomial with respect to a,, b, and calculation of the second-order
correction is a simple algebraic procedure. These results are also shown in the table 6.

In conclusion we note that recently Feranchuk et al (1984) considered the polaron
problem on the basis of the oM and showed that this method permitted one to investigate
in detail the systems with infinite number of degrees of freedom.
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